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' Abstract. We consider function spaces of Besov, Triebel-Lizorkin, Bessel-potential and Sobolev 

' type on R"*, equipped with power weights w{x) = 7 > —d. We prove two-weight Sobolev 

^ , embeddings for these spaces. Moreover, we precisely characterize for which parameters the em- 

■ beddings hold. The proofs are presented in such a way that they also hold for vector-valued 

■ functions. 

1. Introduction 

• Weighted spaces of smooth functions play an important role in the context of partial differential 

equations (PDEs). They are widely used, for instance, to treat PDEs with degenerate coefficients 

■ or domains with a nonsmooth geometry (see e.g. [H [22l [26l Il2] ) • For evolution equations, power 
"j^ \ weights in time play an important role in order to obtain results for rough initial data (see 

EQI ESI [31] ) . In addition, here one is naturally confronted with vector- valued spaces. Our work is 
motivated by this and will be applied in a forthcoming paper in order to study weighted spaces 
with boundary values. 

\ For general literature on weighted function spaces we refer to [HI [TBI (221 [SSI [30l [32l [HJ [42] and 

references therein. Also vector- valued function spaces are intensively studied (see [21 [31 [36l [32l [38l 
I 143 '. '45| and references therein) . Less is known on vector- valued function spaces with weights (see 

ff^ ■ 28 and references therein) . Some difficulties come from the fact that in the vector- valued case 

10 I the identities W-^'P — H^'P and — hold only under further geometric assumptions on the 

■ underlying Banach space (see below). 
In this paper we characterize continuous embeddings of Sobolev type for vector-valued function 

spaces with weights of the form w{x) = |a;|^ with 7 > — d, where d is the dimension of the 
underlying Euclidian space. We consider several classes of spaces: Besov spaces, Triebel-Lizorkin 
spaces, Bessel-potential spaces and Sobolev spaces. In the embeddings which we study we put 
(possibly different) weights Wq{x) — \xy° and 'Wi{x) — \x\'^^ on each of the function space. 

These embeddings and their optimality are well-known in the unweighted case (see e.g. [371 
\ [39l[4T]). For scalar- valued Besov spaces with general weights from Muckenhoupt's Aoo-class (see 

Section [2]) the embeddings were characterized in [18]. In the latter work also the compact embed- 
dings for scalar Triebel-Lizorkin spaces are characterized. Sufficient conditions for scalar-valued 
Triebel-Lizorkin spaces in the case of one fixed weight w for both spaces are considered in [8]. 
Results for Sobolev spaces are obtained e.g. in [3^[2S]. A different setting is studied [32], which 
we discuss in Remark 1 1 . 9 1 b elow . 

The approach of [18] to the scalar Besov space case is based on discretization in terms of 
wavelet bases and on weighted embeddings of [23] . In the special case of power weights we can 
give elementary Fourier analytic proofs for the necessary and sufficient conditions. These apply 
also in the general vector-valued case, and so we do not have to impose any restriction on the 
underlying Banach space throughout. 
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For a further discussion, let us describe the resuhs in detail. Throughout, let X be a Banach 
space. For p e (1,cxd] and q G [l,oo], let B^^^iW'- X) denote the Besov space with weight 
w{x) = \x\^ , where 7 > —d (see Section [3.1|) . The following two-weight characterization of 
Sobolev type embeddings for these spaces is the first main result of our paper. 

Theorem 1.1. Let X be a Banach space, 1 < po,Pi < 00, IOtQi G [liOo]? sq,si G M, and 
Wq{x) — \x\'^° , Wi(x) — Ixl"^^ with 7o,7i > —d. The following assertions are equivalent: 

(1) One has the continuous embedding 

(1.1) Bll^^{m.\w^:X)^Bll^^{«',w,:X). 

(2) The parameters satisfy one of the following conditions: 

(1.2) 7o = 71, Po = Pi md either sq > Si or sq — Si and qo < qi; 

o\ 71 ^ 7o d + '^i d + 'jQ d + '^o d + ji 

(l.o) — < — , < and So > si ; 

Pi Po Pi Po Po Pi 

, . 71^70 d + 7i rf + 7o . , rf + 7o d + 7i 
(1.4) — < — , < , qo < qi and sq = si . 

Pi Pa Pi Po Po Pi 

For p G (1,00), q G [l,oo] and w as above, let Fp g{R''-,w;X) denote the weighted Triebel- 
Lizorkin space (see Section [3. 1|) . The following characterization is our second main result. Unlike 
in Theorem ll.il the characterization is given only for 1 < po ^ Pi < 00 (see, however. Proposition 
11.61 below). Important in this result is that < 9i is not required in the sharp case sq — — 
Si — ^^-^^ as for Besov spaces. 

Theorem 1.2. Let X be a Banach space, 1 < Po l£ Pi < 00, qo,qi G [1,cxd], so,si G R, and 
Wo{x) = Wi{x) = with 7o,7i > —d. The following assertions are equivalent: 

(1) One has the continuous embedding 

(1-5) f;i^^{w',wo-.x) ^ f;i^^{w',w,-x). 

(2) The parameters satisfy either (11.21) or 

„s 71 / 70 d + 71 + 70 , cf + 70 . + 71 

(l.D) — < — , < and So > si ■ 

Pi Po Pi Po Po Pi 

Remark 1.3. 

(i) The scalar version X = C of Theorem 11.11 with general weights wq, wi from Muckenhoupt's 
Aoo-class is proved in ^8^ Section 2]. For wq = wi € Aoo satisfying inf^-gRd w{B(x,t)) > t^ 
with £ > 0, the implication (2) ^ (1) of Theorem 11.21 can be found in [HI Theorem 2.6] in 
the scalar case. In our setting, this corresponds to the case 70 = 71 > 0. 

(ii) In the unweighted case, i.e., 70 = 7i = 0, results such as Theorems 1 1 . 1 1 and 1 1 . 21 are well-known 
and go back to works of Jawerth, Nikol'skij, Peetre and Triebel (see [HJ Section 2.7.1] for 
a historical overview). A detailed account on these embeddings in the vector- valued setting 
can be found in [57] . 

(iii) Theorem 11.11 gives embeddings for po > Pi? which is only possible in the presence of weights. 
In Proposition 11.61 we obtain a partial result also for Triebel-Lizorkin spaces in this case. 

(iv) In Theorems O and dH suppose that po < Pi- Then the condition < in (fO]) . 
()1.4p and ()1.6|) is redundant. Similiarly, if po > pi then ^ < ^ is redundant. 

(v) It follows from po < Pi and ^ < ^ that 70 = 71 < is excluded. In this case one only has 
the trivial embeddings (i.e., the embeddings under the assumption (|1.2p ). 

(vi) It is a well-known fact that Sobolev embeddings for Triebel-Lizorkin spaces are independent 
of the microscopic parameters qo,qi (see [8] [37l l41] ). 

Our proof of the sufficiency of the stated relations in Theorem 11.11 is based on a direct two- 
weight extension of an inequality of Plancherel-Polya-Nikol'skij type (see Proposition 14.11 and 
[41] Section 1.3] for an overview). For 70,71 > this inequality is obtained by extending the 



EMBEDDING RESULTS FOR WEIGHTED FUNCTION SPACES 



3 



proof of the one-weight version of iS; to the present situation. For negative weight exponents we 
use the weighted Young inequahties from [21 HH] . The necessity of these conditions follows from 
suitable scaling arguments, see Propositions 14.71 and 14.91 Observe that L^'(M'', | • l"^) scales to the 



power — which explains the importance of this number. Moreover, the relation ^ < ^ is in 
particular sufficient to apply the results of US] ■ 

Theorem 11.21 is derived from Theorem 11.11 using a weighted version of a Gagliardo-Nirenberg 
type inequality for i^-spaces (see Proposition [5TT]). Here we follow the presentation of [57J. 

As a consequence of Theorem II. 21 we characterize embeddings for Bessel-potential and Sobolev 
spaces. For p G (1,cxd) and w{x) = \x\'^ , where 7 G {—d,d{p — 1)), let w; X) denote the 

weighted Bessel-potential space with s S R, and let W™''P{M.'^, w; X) denote the weighted Sobolev 
space with m £ No (see Section [3T2t . 

Corollary 1.4. Let X be a Banach space, 1 < Po < Pi < 00, sq,si G K, and WqIx) — 
wi{x) = \x\'^^ with 70 G {—d,d{pa — l)),7i G {—d,d{pi — 1)). The following assertions are 
equivalent: 

(1) One has the continuous embedding 

H'°'P°{R'^,wo;X) ^ i?"i^Pi(K^wi;X). 

(2) The parameters satisfy 

-X 71^70 , d + jo^ + 7i 

(1.7) — < — and sq > si . 

Pi Po Po Pi 

Corollary 1.5. Let X be a Banach space, 1 < Po < Pi < 00, so,si G Nq, and Woix) = {xp" , 
wi{x) = jxpi with 7o G {—d,d{pQ — l)),7i G {—d,d{pi — 1)). The following assertions are 
equivalent: 

(1) One has the continuous embedding 

W''"^P"{W^,wq;X) ^ VF"i'Pi(R'',wi;X). 

(2) The parameters satisfy (|1.7p . 

The necessity of (II. 7p for the embeddings in the Corollaries 11.41 and 1 1 . 5 1 is actually valid for all 
70:7i > ~d, as a consequence of Proposition 14.71 The restrictions in the sufficiency part mean 
that Wo G Apg and wi G Ap^, where Ap denotes Muckenhoupt's class (see Section [2]) ■ 

In the general vector- valued case, the H- and the integer M^-spaces are not contained in the B- 
and J^-scale, respectively. It holds that 

(1.8) H'-P{R'^;X) = Fl2{R'^;X), for some s G M, pG(l,oo), 

if and only if X is isomorphic to a Hilbert space (see [l7] and [37l Remark 7]). Moreover, 

(1.9) H^'P{R'^;X) ^W^'P{R'^;X) for some p G (1, 00) 

characterizes the UMD property of X (see [l][27l|45] for details). 

We obtain the sufficient conditions in the above corollaries from embeddings of type 

(1.10) F;,i(R^ w; X) ^ H'^P{R', w; X) ^ Fp%(R^ w; X), 

which are valid for all Banach spaces X and Ap-weights w (see Proposition l3 . 1 2p , and the indepen- 
dence of the embeddings for the i^-spaces. For the latter embedding in (|1.10p we show in Remark 
I3.13l that it is necessary that w satisfies a local Ap-condition, which results in 70 < d{po — 1). Then 
71 < d{pi — 1) is a consequence of ji/pi < 70/po and po < pi- This explains our restrictions on 
the weight exponents to the Ap-ca.se. In view of the Theorems 11.11 and 11.21 and the results in [32] 
(see Remark ll.Op . we do not expect these restrictions to be necessary. 

The result of Theorem 11.11 for Besov spaces and I < pi < po < 00 cannot be extended to F-, 
H- and W^-spaces in the usual way. We prove the following in this case. 

Proposition 1.6. Let X be a Banach space, 1 < pi < p^ < 00, sq, si G R and 70 G {—d,d{po — 
l)),7i G {^d,d{pi — 1)), and let wq{x) = \x\'^" and wi{x) — \x\'^'^ . The following assertions are 
equivalent: 
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(1) One has the continuous embedding 

(2) One has the continuous embedding 

(3) The parameters satisfy 

, . d + 7i d + 7o d + 7o ^ d + 7i 

(1.11) < and So > si . 

Pi Po Po Pi 

Note that the above result shows that there is no embedding in the important sharp case 

•^0 ~ = si — ^^^7^- Surprisingly, this is different for Besov spaces (see Theorem II .ip . The same 

holds if the _ff-spaces are replaced by M^-spaces since in the scalar case VI^'"'P(M'', w) — H"'-'P{R'^, w) 

whenever m G N and w ^ Ap (see the proof of Corollary [53]). 

Remark 1.7. Let pq > pi, wo{x) — \x\'^° and wi{x) — with 70,71 > —d. It would be inter- 
esting to characterize for which parameters one has F^^ (M"*, wq) ^ F^^ (R'', wi). Proposition 
11.61 onlv contains a partial answer to this, because of the restrictions on 70,71,90 and qi. 

Remark 1.8. Let = (1 — A)*/^ be the Bessel potential. Corollarv 11.41 gives a characterization 
of the boundedness of J^s„ ■ LP°{R'^, wq) LP^iR'^, wi) for certain power weights wq and wi for 
Po ^ Pi and all So > 0. The equivalent condition of j33j can be difhcult to check. Moreover, in 
Proposition 11.61 we provide a characterization of the boundedness of J- so for power weights wq 
and wi for pi < pq and all so > 0. It seems that the problem for with pi < pq has not been 
considered before. 

In [55] necessary and sufficient conditions on wo, wi,po,Pi, sq can be found for the boundedness 
of the Riesz potential I-so = (— A)^**''/^ for po < pi and < so < d. The case pi < po has been 
considered in fH] . 



Together with elementary embeddings, the Theorems 11.11 and 11.21 provide certain embeddings 
between B- and F-spaces. These can be strengthened to so-called Jawerth-Franke embeddings, see 
Theorem l6.4l Here we restrict to the case of Ap-weights (see Remark l6.6l for a discussion). We also 
use the above results to show embeddings of weighted B-, F-, H- and W^-spaces into (unweighted) 
spaces of continuous functions, see Proposition 17.41 Again we can follow the presentation of ^ 37] . 
For the case of a single weight w G A^o , in the scalar- valued case the Jawerth-Franke embeddings 
are shown in [51 [TH] . 

Remark 1.9. Recently, in [35] the classical Caffarelli-Kohn-Nirenberg inequalities (see [TU]) are 
extended to general power weights. It is characterized when 

(1.12) W^'P'"'^{R'^\{0},wo,w) ^LP^R'^,wi), 

where 1F1'PO''?(R'^\{0}, wq, w) is the space of functions / : M'*\{0} — > R which are locally integrable 
and satisfy 

11/1^^(11.0) + l|V/||L9(tu) < 00. 

Here it is assumed that wo{x) = w{x) — \x\'^ and wi{x) = \xp^ with 70,7,71 G R and 

Po,q,Pi G [1,00). Our results can be compared to the ones in [32] only in a very special case 
of both our and the setting in (321, namely for 70 = 7 e {—d,d{po — 1)), 71 £ {—d,d{pi — 1)), 
1 = POjPi < cxD, So = 1 and si = 0. In this special case the equivalence of ()1.12p with the 
condition on the parameters 70, 71, po, Pi in [3 2) coincides with ours (see Corollarv ll.51 if po < Pi 
and Proposition 11.61 if Pn >Pi). 

On the other hand, one of the main and novel points in the results in |32) is that the powers 
weights are not necessarily of Aoo-type and two different powers weights wo, w and exponents poi 1 
in the Sobolev space are considered. 

Remark 1.10. It would be interesting to extend the above results (e.g. Theorems 11.11 fTT2l etc.) to 
homogeneous Besov, Triebel-Lizorkin, Bessel-potential spaces and Sobolev spaces. Some parts are 
easy to extend. In particular. Proposition 14. II below can be applied in the homogeneous setting as 
well. The identity sq — = s\ — ^^^^ plays a crucial role. 
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Outline. In Section 2 we consider preliminaries for the treatment of weighted function spaces, 
such as maximal inequalities and a multiplier theorems. These are used in Section 3 to derive basic 
properties of the vector- valued spaces. In Section 4 we prove the characterization for Besov spaces, 
and in Section 5 the case of F-, H- and W spaces is treated. In Section 6 we show embeddings of 
Jawerth-Franke type and in Section 7 embeddings into unweighted function spaces. 

Notations. Positive constants are denoted by C, and may vary from line to line. If X, Y are 
Banach spaces, we write X = Y if they coincide as sets and have equivalent norms. For p € [1, oo], 
the standard sequence spaces are denoted by P. 

Acknowledgement. The authors thank Dorothee D. Haroske and Winfried Sickel for bringing 
the paper ^18j to their attention. 

2. Preliminaries 

Here we collect the tools from harmonic analysis that are needed in the treatment of the 
weighted function spaces in the next section. 

2.1. Weights. A function w : M"^ — > [0, oo) is called a weight if w is locally integrable and if 
{w = 0} has Lebesgue measure zero. For p £ [l,oo) we denote by Ap the Muckenhoupt class of 
weights, and Aoc = Ui<p<oo ^p- '^^'^^ P ^ i^^ have w G Ap if 

'^^P ( iAt / w{x)dx) (-^ [ w{xyi^ dx] < oo. 

Q cubes in R'' V l<^l JQ / \\W\Jq / 

We refer to [13], [HI Chapter 9] and Chapter V] for the general properties of these classes. 

Example 2.1. Let w he a power weight, i.e., w{x) = \x\'^ with 7 G M. Then for p G (1, 00) we have 
(see [111 Example 9.1.7]) 

w G Ap if and only if 7 G (— d, d{p — 1)). 
Let (A, II • II) be a Banach space. For a strongly measurable function / : M'' — > A and p G [1, 00) 

let 

:= ( / \\f{x)rw{x)dx)' 
For p G [1, 00) we consider the Banach space 

LP(]R'*,'ii;; A) := {/ strongly measurable : ||/||LP(R<i,u;;X) < 00}, 
and set further L°°(R'',w; A) ~ L°°(E'*;A). 

2.2. Maximal functions. For / G L\^J^''-\X), let the Hardy-Littlewood maximal function M/ 
be defined by 

1 



i/p 



(M/)(a;)-sup— -/ \\j{y)\\dy, a; G R^ 

,.>o 1^(2;, r)| jB{x,T-) 

where r) = \z gW'- : \z ~ x\ < r}. For any weight w -.W^ ^ R+ and p G (1, 00), the maximal 
function M is bounded on U'{W^^w) if and only if w G Ap (see [101 Theorem V.3.1] and [T51 
Theorem 9.1.9]). The following weighted vector-valued version of the Fefferman-Stcin maximal 
inequality holds as well. 

Proposition 2.2. Let X be a Banach space, p G (l,oo), q G (l,oo] and w G Ap. Then there 
exists a constant Cp^q^w such that for all {fk)k>Q C LP(R'',w; A) one has 

fk)k>o\\LP(R'',w-i<i) < Cp^q^w\\{fk)k>o\\LP{m'i,w;ei(X))- 

Proof. For q — 00 one uses that 

(2.1) \\Mfkix)\\e^^x)<M\\fk{x)\U..^x) xeR", fc > 0, 

and applies the boundedness of M on Lp(R'', w) to the function f{x) = \\fk(x)\\£,x:i^x)- If 1 < 9 < 00 
and A = R, the result can be found in [SI, Theorem 3.1] and [H]. The vector- valued case can be 
obtained from the scalar case by applying it to (||/fc||)fe>o C Lp{R'^,w). □ 
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For a given function ip -.W'' ^ C and t > 0, we define the function ip t : Mf^ C hy 

iptix) := f'ip{tx) 
The fohowing lemma is weh-known to experts. 

Lemma 2.3. Let X be a Banach space, p G (l,oo) and w G Ap. For ip G L^{M.'^), define 
ip:R'^ -^R by 

ip{x) := snp{\ip{y)\ : \y\ > \x\}. 
If-ipe L^iR'^), then there is a constant Cp^^j such that for all f G L'^ (R"^ , w; X) one has 



sup \\ipt * /II 



t>o 



< Cp,n,\\'ip\\L^R-')\\f\\LPiR'',w;X)- 



Moreover, for q G (l,oo] there is a constant Cp,q_w such that for all {tk)k>a C M+ and {fk)k>o C 
LP{R'^,wJi{X)) it holds 

Wi'Ptk * /fc)fc>ollLP(R<i,«,;^9(X)) < C')9,g,to||^||Li(R'i) ||(/fc)fc>olliP(R'i,to;£9(x))- 

A partial converse of the lemma holds as well: if for a positive radial decreasing function p ^ 0, 
one has \\(pt * f\\Lp{R'',w) ^ C'II/IIlp(R'',id) with a constant C independent of / and t > 0, then 
w e Ap (see [401 P- 198]). 

Proof of Lemma\K3\ Let g{x) = \\f{x)\\. By definition of ip and [H Theorem 2.1.10], for x eR'^ 
and t > Q one has 



(2.2) \Wt*f{x)\\< Wt{y)\\\f{x~y)\\dy< ijt{y) g{x ~ y) dy 

< \\'4't\\mR-i)Mg{x) = ||V'||Li(R<i)M.g(a;). 

Now the first asserted inequality follows from the boundedness of M on LP{R'^,w). Further, for 
all g G (l,c»] inequality (12. 2p implies that 

IKv'tfc * fk{x))k>o\\i>i(x) < ll^llLi(R'')ll(^^/fe(a;))fc>olU9(X), X G M''. 

Thus the second assertion for q G (l,oo) follows from Proposition 12.21 The case g = cx) is a 
consequence of (|2.ip and the boundedness of M on U'iW'-^w). □ 

2.3. A multiplier theorem. Let X be a Banach space, and let S^{W^;X) be the space of X- 
valued Schwartz functions. We write ^(R'') in the scalar case X = C. The Fourier transform of 
a function / G ^(M"*; A) is given by 



^m-m = j^.lme-^dx, ^g: 



Recall that ^ is a continuous isomorphism on c5^(R''; A). A linear map / : y{R'^) A is called 
an X-valued tempered distribution, if for all (f> G J?*(M'^), there are a constant C and fc, A^ G N such 
that 

11/(0)11 <C sup sup {l + \x\)''\D"(bix)\. 
xew^ |q|<-'v 

The space of all A- valued tempered distributions is denoted by S^' {R'^; X). Standard operators 
(Fourier transform, convolution, etc.) on S"{R'^;X) can be defined as in the scalar case, cf. [Ij 
Section III.4]. 

The following result is an extension of [HJ Theorem 1.6.3] and (43j Formula 15.3(iv)] to the 
weighted vector- valued setting. For a compact set K C M'', let L^{M.'^, w) be the space of functions 
/ G LP(M'^, w) with supp (/) C A- in the sense of distributions. 

Proposition 2.4. Let X be a Banach space, p G [l,oo), q G [l,oo], r G (0,min{p, q}) and 
w G Ap/r- Let Kq, Ki, . . . C M"^ be compact sets with 6„ — diam{Kn) > for all n. Then there is 
a constant Cp,q,r^w such that for all (m„)„>o C L°°(R'') and {fn)n>o C L^^(M'^,w; A) one has 

n>o\\LP{R'',w-£i{X)) 



EMBEDDING RESULTS FOR WEIGHTED FUNCTION SPACES 



7 



< Cp,q,d,r,w sup 11(1+ I • \'^/'^),^ M'7^fc(^^;•)]llLl(R<')ll(/r^)n>ollLP(K<i,M,;£'^(X)) 



k>0 



< Cp^q^d,r,w,X sup ||mfc(0fe-)||^A,2(Kd) \\i.fn)n>a\\LP(M'',w:i<i(Xy), 
k>0 

where A > | + ^ . 

By considering only mi ^ and /i 7^ 0, one obtains a multiplier theorem on L^^(]R'^). 

Proof. This can be proved as in [4TJ Theorem 1.6.3] (see also [43l Section 15.3]). Indeed, using 
Proposition 12.21 one can extend [HI Theorem 1.6.2] to the vector- valued setting with weights in 
Ap/r- Now the argument in [HJ Theorem 1.6.3] can be repeated to obtain the result. □ 

3. Definitions and properties of weighted function spaces 

In this section we define and investigate the basic properties of function spaces with general 
^00-weights. The definitions extend those of 8. to the vector-valued setting. In [M] it is shown 
that one actually only needs a local version of this condition, called A^^, to obtain reasonable 
spaces. Since we are mainly interested in power weights w{x) — \xp , for which one easily sees 
that w G Aoo if and only if w e ^I^'^, we restrict ourselves to the Aoo-case. 

The arguments employed for the basic properties of the spaces are well-known and completely 
analogous to the unweighted, scalar- valued case (see e.g. (37l|4T]). We thus refrain from giving 
too many details and rather refer to the literature at most of the points. 

3.1. Besov and Triebel-Lizorkin spaces. 

Definition 3.1. Let ip G .^iW^) he such that 

(3.1) 0<^(0<i, CeK^ ^(0 = 1 1^1 < 1, ^(0 = ICI > I 

Let ipo = if, ^i(^) = <?(C/2) - f{0 and 

^fc(0 = ^i(2-'=+iO = ^(2-'0-^(2-'+'e), eeK', k>l. 
Let $ be the set of all sequences {(pn)n>o constructed in the above way from a function ip that 
satisfies (|3.ip . 

For (f as in the definition and / £ S^'{M.'^;X) one sets 

Skf :=ipk*f = ^-'[^kf], 
which belongs to C°°{R''; X) n ^'(R'^; X) (see [361 Remark 4.3.3]). Since X;fc>o "PkiO = 1 for all 
f G R'', we have J2k>Q ^kj = f in the sense of distributions. 

Definition 3.2. Let X be a Banach space, p,q ^ [I7O0], s G R and w G Aoo. The Besov space 
Bp „(R'^, w; X) is defined as the space of all f G J^'(R''; X) for which 



< 00. 



Moreover, if s & R+\N, then we set 

(R^ w- X) Bl^{W\ w; X). 

Definition 3.3. Let X be a Banach space, p G [l,oo), q G [l,oo], s G R and w G Aoo- The 
Triebel-Lizorkin space F^JR'^,w;X) is defined as the space of all f G Y'iR'^-^X) for which 



\\f\\Fl(R-',w;X) ■— {'2'"'Skf)f^y^ 



< 00. 



If w EE 1, we write ^^^^(R''; X) for B^,^(R^ w; X) and ^^^^^(R''; X) for F^^^iW^, w; X). As in the 
scalar case, one can show that these are Banach spaces. Note that 

fe>0 
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,w-x) = \\{^'2'''\\Skf\[ 

' k>Q 

with the usual modifications for q = oo. 

The following is a consequence of Proposition 12.41 

Proposition 3.4 (Independence of (p). Let X be a Banach space and w £ Ao^- 

(1) For all s €M. andp, q € [1, oo], the space Bp^^{M.'^, w; X) is independent of the choice (</?n)n>o G 
<i>. Any {tpn)n>o S $ leads to an equivalent norm in ^(R'^^w; X). 

(2) For all s G K, p G [1, oo) and q G [1, oo], the space F^ ^{W^, w; X) is independent of the choice 
{'Pn)n>o £ ^- Any (V'n)ri>o £ ^ Icads to an equivalent norm in F^ ^{W^^w; X). 

Proof. Choose r G (0, min{p, g}) such that w G Ap^^- Then one can apply Proposition 12.41 in the 
same way as in the unweighted case in jjl] Section 2.3.2] and [131 Section 15.5]. □ 

Remark 3.5. 

(i) At a technical point in the proofs, w G A^o is required to have the boundedness of the 
Hardy-Littlewood maximal function and of the Fefferman-Stein maximal function in some 
L''-space and some L''(£'')-space with r G (l,oo), respectively. 

(ii) Definition 13.31 can be extended to p = oo and q € [I, oo], but Proposition 13.41 is not true in 
this setting (see gU Remark 2.3.1/4]). 

(iii) Rychkov [34] considers scalar B- and F-spaces with more general weights of class A]^, i.e., 
satisfying only a local condition. 

3.2. Sobolev and Bessel-potential spaces. 

Definition 3.6. Let X be a Banach space, to G N, p G [1, oo] and let w be a weight. The Sobolev 
space W™''P{M.'^,w; X) is defined as the space of functions f G L^(M''; w, X) for which D"f, taken 
in a distributional sense, is in LP{M.'^,w, X) for all multiindices a with \a\ < m. Let 

||/||w"".p(R<i,i«;X) := ^ f\\LP(R^i,w■X)■ 
\a\<m 

For s G R and / G .y"{R'^; X), the Bessel potential Jsf G J?^'(R'*; X) is defined by 

Jsf:=^-'[{l + \-\y/'f]. 

Obviously, JsiJs2 = ^^51+^2 foi' 51,52 G M, and Jq is the identity mapping on ^'(R**; X). 

Definition 3.7. Let X be a Banach space, s G R, p E [l,oo) and let w be a weight. Let the 
Bessel-potential space H'^-p{M.'^,w, X) be defined as the space of all f G S^'{R'^:X) for which 
Jsf G LP{R'^,w;X). Let 

\\.f\\H^.p{R'^,w.X) \\Jsf\\LP(R'',w.X)- 

It is immediate from the definition that 

(3.2) : H''P(R'^, w; X) H'-''-p{R'^, w; X) isomorphically. 

Moreover, W°-p{R'^,w; X) = H°'P{R'^,w; X) = LP{R'^,w;X). Certain embeddings and identities 
between these spaces and Triebel-Lizorkin spaces hold under geometric assumptions on X, see 
(HH) and ira . 

3.3. Density, lifting property, equivalent norms. The elementary properties of the ^00- 
weighted spaces are the same as in the unweighted case. Proposition l2.4l allows to carry over the 
proofs of Section 2.3] and [HI Section 15] to the weighted setting. 

Lemma 3.8. Let X be a Banach space, p G (l,oo), q G [l,oo), s G M. Let w G Aao- The set 
J5^(M'^;X) is dense in B^^iR'^ , w; X) , F^^^iR^^^w; X) and H^'PiR'^^w; X). 
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Proof. Let us consider ^{M.'^ , w; X) . Using Proposition 12. 4[ the same arguments as in Step 5 
of the proof of [41, Theorem 2.3.3] show that /at = J2k=o'^kf converges to / in Fp^^{M.'^,w;X) 
as N ^ oo. Still following 41 , let rj e ^(R'*) with 77(0) = 1 and supp(f)) C 5(0,1). Since 
^ri{5-) = 5~'^f]{6^^-), the support of ^{r]{S-)fN) is for all S € (0, 1) contained in a ball that only 
depends on N. Applying again Proposition 12.41 we obtain that there is C > 0, independent of S, 
such that 

II/at - rii^')fN\\Fl^{R'i,w-X) < Cll/w - Vi6-)fN\\LP{R'',w-X), 

and the right-hand side tends to zero as i5 — >■ 0. Since ri{5 )fN G 5^{W^]X), the assertion for the 
Triebel-Lizorkin spaces follows. Similiar arguments show the assertion for the Besov spaces. 

For the density of in LP{m.'^,w) see [15], Exercise 9.4.1]. The invariance of y{M.'^:X) 

under the Bessel potential Jg gives the density in H^'P{W^, w;X). □ 

Proposition 3.9. Let X be a Banach space, p G [l,cx3), q G [l,oo], s G M and w G Aao- Then 
for all a eR, 

(3.3) Ja : B^giR"^, w; X) B^-^^iR"^, w; X) isomorphically, 

(3.4) J„ : F^^iR"^, w; X) F^-^iR"^, w; X) isomorphically. 

Proof. Choose r G (0, min{p, g}) such that w G Ap^^- Using Proposition l2.41 the same proof as in 
the unweighted case gives the assertions (see [41] Theorem 2.3.8]). □ 

Proposition 3.10. Let X be a Banach space, p G [1, 00), q G [1, 00], s G K and w G Aoc. Then 
for all fc G N holds that 

(3.5) ll-^"/lls''"'"(R<i iD-Jf) defines an equivalent norm on Bp ^{R"^ ,w; X); 

\a\<k 

(3.6) II-^"/IIf°"'°(R'' defines an equivalent norm on Fp ^(R"^ ,w; X). 

\a\<k 

Proof. In the unweighted scalar case, these results are shown in [411 Theorem 2.3.8]. The proofs 
are essentially based on a multiplier theorem of Mihlin-Hormander type in Besov and Triebel- 
Lizorkin spaces, see ^1] Theorem 2.3.7] for the scalar and |43l Section 15.6] for the vector-valued 
case. Using Proposition 12.41 the proof given in 03l Section 15.6] carries over to the weighted 
setting, for all w G A^o . □ 

3.4. Elementary embeddings. The elementary embedding properties and their proofs for the 
above vector-valued function spaces are the same as in the unweighted case (see [HI Section 2.3.2]): 

Proposition 3.11. Let X be a Banach space and w G A^o. 

(1) For all I < qo < qi < 00 and s G M one has 

B;^JR', w; X) ^ Bl^^ (R^ w;X), p G [1, 00], 

F;^^^(R^,w;X) Fl^^{R'',w;X), p G [l,oo). 

(2) For all qa,qi G [1,cxd], s G R and e > one has 

b;+i{r'',w-x)'^bi^^{r'',w-x), pg [1,00], 

F;+^[R'', w; X) ^ F;^,^ (R^ w; X), p G [1, 00). 

(3) For all q G [1, 00], s G R and p G [1, 00) one has 

Sp,„,i„{p,,}(IR',^«;^) F;JR'',w;X) ^ B;^^^,^p^^y(R'',w;X). 
The iJ-spaces are related to the B- and F-spaces as follows. 
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Proposition 3.12. Let X be a Banach space, s G K, p G (1, oo) and w G Ap. Then 

(3.7) w- X) ^ iJ^^f (R^ w; X) ^ i3^,^(]R^ w; X), 

(3.8) F;^,{R^,w;X) ^ H'^P{R^,w-X) ^ F;^^{R^,w;X). 
Moreover, if m £ N, then 

(3.9) (M'*, w; X) ^ Ty™'P(R^ w; X) ^ E™^ (R^ w; X), 

(3.10) F^ii^'', w: X) ^ W^'PiW^, w; X) ^ ^"^(R'*, w; X). 

Proof. Using Propositions 13.91 and 13 . lOl it suffices to consider the cases s = m = 0. But then (|3.9p 
and p.lOp are the same as p.7p and (|3.8p . Further, (|3.7p follows from l|3.8p and Proposition [3TTlJ 
To prove (|3.8p . we extend the argument in [351 Proposition 2]. 

For / G X) we have / = J2n>o ^nf almost everywhere on R'*. Therefore 

||/||x<Ell^"/ll^' 

n>0 

and the first part of (|3.8p follows by taking L^'(M'', w)-norms and Lemma 

Next let / G LP{R'^ ,w; X). By the definition of Sn and for each x G M'', one has 

\\Snf{x)\\x< [ \^n{y)\\\f{x-y)\\xdy<2sup[ |2"Vo(2"y)|||/(x - y)|U dy. 

jR'i n>0Jm.d 

Let V' : R*^' R+ be defined by 4'{y) = sup{(/5o(^) ■ \z\ > \y\}- It follows from Lemma [2?3l that 



\F° ^(W.w-X) 



n>0 



SUp||S'„/||x < 2||'0||Li(Kd)Cp,u,||/|jip(Rd^^.x), 



which proves the second part of ()3.8p . □ 

Remark 3.13. The proof shows that the embeddings on the left-hand sides in the above proposition 
are also true for p = 1 and w G Aoo- For the embeddings on the right-hand side this is different: 
For p G (1, oo), let A^°'^ be the class of weights defined in [31], i.e., w G A}^'' if 

sup ( / wdx] ( I w'dx] < oo. 



|Q|<i \Q\^ \JQ / \JQ J 

where the supremum is taken over all cubes Q in R'' with sides parallel to the coordinate axes. 
For weights of the form w(x) = la;]'' one can check that w G J^°'^ if and only if w G Ap. Now we 
claim that 

(3.11) L^{R\w)^Fl^{R\w) 
if and only if w G J^°'^ . 

Proof. If w G J^°^, then (ISTTI) follows from iP(R'',u;) = ^^^(R'',^) (see [Ml P- 178]) and the 
embedding i'^ ^ 

Conversely, assume that p. lip holds for a weight w. Let {fj)j>o G Using the continuity of 
ifi and (y5i(0) > 0, we can find c > and TV G N such that Re{^(x)) > c for all |x| < d2~^+^. Let 
Q be a cube with \Q\ < 2^^'^. Let / : R'' — > R be a function which satisfies / > on Q and / = 
on R'' \ Q. Let j G N be such that 2-(^+^)'' < \Q\ < 2-(J+^-i)''. Denoting by e{Q) the maximal 
axis length of Q, it then holds £{Q) < 2~^^+^~^). Now for every a; G Q one has 

|^,+i*/(a;)| =2-"^ / ^^{2^x~y))f{y)dy > 2^^c / f{y)dy>-^^ f f{y)dy, 



where we used that 

\2'(x - y)\ < 2ndl{Q) < d2~^+2 for all x,y G Q. 
Let A = 1^ Iq fiv) d-y- The above estimate and (|3.1ip yield 



w{x)dx<X-P I \ipj+i* f{x)\Pw{x)dx <CX~P»f»P 
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Rewriting this gives 

(J^Mx) dx) ( ^ /(y) dyy < C\Q\P \f{x)\Pw{x) dx. 
As in 24, Equation (3.12)] (basically by taking / ~ Igw') this implies 

1 f , . , \ / 1 r , , \p-^ 



(- / z.(.)d.)(- / u.'dy) <C. 



Since the definition of A^°'^ is independent of the upper bound for the cube size (see [Ml Remark 
1.5]) we obtain that w g □ 

4. Embeddings for Besov Spaces - Proof of Theorem 11.11 

From now on we specialize to power weights, i.e., w{x) = \x\^ with 7 > —d. We first consider 
sufhcient conditions for the embedding, and show their optimality in the next subsection. 

4.1. Sufficient conditions. In this subsection we prove the sufficiency part for the embedding 
for Besov spaces, i.e. Theorem 11.11 (2) =^ (1). The main ingredient of the proof is the following 
two-weight version of an inequality of Plancherel-Polya-Nikol'skij type. As already mentioned in 
the introduction, a completely different proof for the scalar version of Theorem 1 1.1 1 is given in |18] . 

Proposition 4.1. Let X he a Banach space and let 1 < pQ,pi < 00. Let 70, 7i > —d and 

Wi){x) = \x\'^° and wi{x) = \x\"'^ . Suppose 

(4.1) and l±7i<^. 

Pi Po Pi Po 

Let f : M'' X be a function with supp{f) C {a; G R'' : |a;| < t} , where t > is fixed. Then for 
any multiindex a there is a constant Ca, independent of f and t, such that 

(4-2) ll^"/llLPi(R'i,tui;X) < C'a*'"'^'^ll/llLJ'o(Rd,u)o;X); 

where 5 = - > 0. 

Po Pi 

Remark 4.2. 

(i) Suppose that (|4.2I) holds true for a = and all / as in the proposition. Then it follows 
from the proof of Theorem 11.11 given below that embedding (|l.ip for Besov spaces holds true 
(with suitable chosen so,si). By the necessary conditions for this embedding obtained in 
the Propositions 14.71 and 14.91 below, we conclude that (|4.2|) holds true if and only if either 
Po = Pi and 70 = 71 or (|4.ip are satisfied. 

(ii) The case where wq = wi is an A^o weight which satisfies infj-gjjd w{B(x,t)) > with e > 
is considered in [51 Lemma 2.5]. A part of the argument in [SJ Lemma 2.5] will be repeated 
in (|4.5p below, because the details are needed again at a later point. 

(iii) It would be interesting to find a two-weight characterization for (|4.2|) for general weights wq 
and wi in case t = 1 or more general t. There might be a connection to [TH Proposition 2.1]. 

(iv) Certain weighted version of inequalities of Nikol'skij type can also be found in [HI Sections 
1.3.4 and 6.2.3]. However, the power weights we consider are not covered by those results. 

(v) It follows from the proof below that for 70, 71 > 0, Proposition l4.1l holds for all po;Pi £ (0, 00) 
which satisfy (|4.ip . 



For the proof of the proposition we make use of the following weighted version of Young's 
inequality (see [19., Theorem 3.4 (3.7)] or [9l Theorem 2.2 (ii)]). The proof is based on the Stein- 
Weiss result on fractional integration (see for a short proof). 

Lemma 4.3. Let I < q < r < 00 and a, 6, c G M be such that 

(4.3) i = i-l + ^±A±^, 6 + c>0, 0<a<d, b<d(l~^), c < -. 
r q d ^ 1' 1- 

Then there is a constant C such that for all measurable functions f and g one has 

(4.4) \\x^ f* ff(a;)la;l'=lli.(Rd) < CJla; H> /(x)la;l''llioo(Rd)lla; H- g{x)\x\''\\L,(^dy 
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Remark 4.4. In 9, Theorem 2.1] several necessary conditions for weighted Young's inequahties 
are obtained. In our situation we obtain another necessary condition which also appears in the 
sufhcient conditions for (j4.4p in [9j Condition (14)]. In fact, it follows from the proof below that 
if (|4.4p holds for some b and c with b + c < 0, then one obtains (|l.ip with ji/pi > Jo/po- This is 
impossible according to Theorem ll.il Therefore, b + c > from (|4.3p is also necessary for (|4.4p . 
With some additional arguments one can derive the same necessary condition if the L°°-norm in 
(|4.4p is replaced by an L'"-norm. In a similar way one can see that a < d from (|4.3p is necessary 
for (113) • 

The next lemma is stated without proof in [51 Condition Bp] . We include a proof for convenience. 

Lemma 4.5. Let p G (l,oo) and w e Ap. Then there is a constant C such that for all x G 
one has 



w{y){l + \x - y\)-^P dy < C w{y)dy. 

Jb{x,1) 

Proof. If we let gxiz) ~ 1^(3;, i)(z) and sq = \x — y \ + 1, then its maximal function Mg^ satisfies 

w^ , \B{y,s)nB{x,l)\ ^ \Biy,so)nB{x,l)\ \B{x,l)\ , 
[Mgx)[y)^ sup — > — — ^ = So = ■ 

s>Q \B{y,s)\ \B{y,SQ)\ \B{y,SQ)\ 

Therefore, since w G Ap, we see that 

^y)(l + |x-yr'^Pdy< |lAf5,||^ <q|5.||^ =C / w{y)dy, 

and the proof is finished. □ 



Proof of Proposition pTTl By a scaling argument it sufhces to consider the case t — \. Let Bi — 
{x G M'' : \x\ < 1}. For a ^ 0, the same arguments as in the proof of [HI Proposition 1.3.2] show 
that 

l|-C'"/||iPl(Rd,u;i;X) ^ C!a\\f\\LPl{R'',wi;X) 

for all pi G (1, 00] and 71 > —d. We may thus restrict to the case a = 0. 

The proof of (|4.2p for a = is split into several cases of which some are overlapping. In Case 
1 we treat pi = 00, in Cases 2-6 we consider pq < pi < 00, and in Case 7 we derive the estimate 
for po > pi. 

Case 1: po < 00 and pi — 00. Then 70 > by assumption, and (|4.2p is independent of 71 due 
to L°°{W'-,wi;X) = L°°(IR'*;X). We follow the arguments given in [H Lemma 2.5]. First assume 
that / G L°°(R'*;X). Let 77 G ^(R'') be such that supp(^) C and 77 = 1 on Bi. Then one has 
f ^ f *Tj. Let g G (0, 1) be so small that 7^ < d, where r = ^. Then w'g = Wq^^^''^^'' G Ar'. 
For any x G M'', Holder's inequality with ^ + ^ = 1 yields 



< / \\f{y)M^-y)\dy 

(4.5) <\\f\\]-.\^..^^J {\\f{y)\\\yr"^''")''\y\-''"^/'"^H^-y)\dy 



< 



( / w'„{y)\r]{x - y)!" dy) 

^ .hod / 



Now since 77 is a Schwartz function, there is a constant C such that |7?(?/)|'" < C{1 + \y\) ''■^ for 
all 2/ G M''. Therefore, it follows from Lemma [4.51 and > —d that for all x G M'^ we have 

w'oiyM^-yW' dyV^^ <C [ w'o{y)dy^C [ lyr^^^^-'^dy < Cp„,,„M. 

' Jb{xA) JB{x,1) 

Combining this with (|4.5p we obtain 

(4-6) II/IIl~(R<';X) < C\\f\\i^po(M_-i^wo;X)- 
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If / ^ L°°(M''; X), then as in [8: we take a function (f> G ^(R'') with 0(0) = 1 and suppc^ C Bi. 
Since / is smooth, we have that (/)(r-)/ G L°°{R'^;X) for all r > 0. For a; e R'', embedding dH]) 
the dominated convergence theorem imply that 

||/(a;)|| = Irrn ||(/)(rx)/(a;)|| <C\im\\(f>{r-)f\\LPo{M'i,nio-,x) = C'll/llL™(Rd,i„o;X)- 

Case 2: Po < Pi < oo and 7 7o = 7i > 0. Let w{x) — \x\^ . We can assume Pq < pi, since 
the other case is trivial. By Case 1 we know that / £ L°°(R'^;X), and from (|4.6p we obtain 



Case 5; po < Pi < oo and < 71 < 70- First consider the integral over R'' \ Since 
\x\''''^ < Ixp" for |x| > 1, one has 

ll/llLPi(R<i\Bi,uii;X) < ll/liLJ'i(R''\Bi,uio;X) < II /II Lpi (R<i,u;o;^) — ^11 /II Lpo (R<i,tuo;X) i 

where in the last step we applied Case 2. For the integral over Bi, let p = > Pi- We apply 
Holder's inequality with ^ + ^ = 1, to obtain 

\\f\\LPi(Buwi-X) < ll/llLP(R'',tuo;X)|-Bir^^^'' < C'll/ IIlpo (Rd,M,(,;X) , 

where in the last step we used Case 2. 

Case 4- Po ^ Pi < and < 70 < 7i- Then necessarily po < Pi- First consider the integral 
over Bi. Since 71 > 70, we have 

II/I|lpi(Bi,iui;A') < ||/||lpi(Si,ioo:X) < II/IIlpi (R<i,«)o;A) ^ C^\\f\\LPo{R<i^^g.x), 

where in the last step we applied Case 2. Next consider M.'^\Bi. We have 

, i/pi 



ii/iilpi(r^\b,.»,;a-) = ( / \\f{x)\nx\^'>\\f{x)r-^<^\xr^-'^°dx) 

(4.7) ^"^^"^ 

<II/IIlp^R^»o-X)( ||/(x)|||x|(^-^«'/(^-''«)' 

Now fix a; e R'' with |x| > 1. Since / e L'^(R'^;X), inequality (g^]) implies that 

\\fix)\\ < C\\f\\LPo(M^.^o„■,x) ( / w'iyMx - 2/)r' dy) , 
where r = 22. as in Case 1 and w' {y) = \y\ i'o/(''^i). By Lemma B75l for > 1 one can estimate 



w 



\y)\i^{x - y)r' < C / w\y) dy < C\x\"'°/^--'\ 
Jb{x,i) 



and thus (r — l)r'(7 = pq yields 

(4.8) 11/(2^)11 <C^II/llLPo(R^.o;A)kr"°/'"\ xeR'\B,. 

Substituting into (|i?7)) . we obtain 

\\f\\LPi(M^\Bu^,;X) < C||/|Upo(R.,^o;A) sup |^|-70/P0 + (7i-70)/(pi-P0) < C||/|U.o(K...o;X), 

3;GK''\-Bi 

where the last estimate is a consequence of |a;| > 1 and 7i/_pi < Jo/Po- 

Case 5: po < pi < 00, —d < 70 < d{po — 1) and —d < 71. Then 71 < d{pi — 1) by assumption. 
Let 7] e y{R'^) be as in Case 1. For all x e R'' we then have 

\\f{x)\\<g*\v\{x) 

where gix) = ||/(x)||. Set 

d + 7o d + 7i ,70 71 

r=Pi, q=Po, a = d \ , 0=—, c= . 

Po Pi Po Pi 

We claim the conditions of Lemma l4?3l hold. Indeed, note that 5 + c > is equivalent to ^ < 
a > follows from -70 > -d{po - 1) and 71 > -d, and a < d follows from + < 0. 
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The estimate b < d{l — i) is equivalent to 70 < d{pQ — 1), and c < ^ is equivalent to 71 > ~d. 
Therefore, Lemma vields 

|l/llLPi(R<',ii;i;X) < II5 * l'7lllLPi(K'i,«;i) 

< C\\x i-> |a;|''ry(a:;)||ioo(Kd)||g||LPo(R<i,u,o) = C'll/llL™(R<i,u.o;X)- 

Case 6: pa < pi < 00, d(j>o — 1) < 70 and —d < 71 < 0. Let 7 G (0, (i(po — 1)) be arbitrary, and 
set w{x) = \x\'^ . Then 71/pi < < "f/po < Jo/po- Therefore, by Cases 5 and 3 we have 

\\f\\LPi(R'',wi:X) < C'll/llLPo(Md,«,;X) < C'll/llLPo(R<i,«,o;X)- 

Case 7: pi < po < 00 and 70,71 > ~d. For e > we use Holder's inequality with respect to 
the finite measure \x\~'^~^dx on M.'^\Bi, to obtain 

ll/IU.i(M^\B„.,) = ( / \\fix)\nx\''^+'+^\x\-'-^dxy^'' 

<c(f ii/(x)nxi^(-+'^+^)-^-^^dx)''". 



The assumption -^^^ < ^^"^^ implies that ^(71 + d + e) — d — e < 70 for sufRciently small s. 



■yi+d , fo+d 
Pi Po 

Employing this, it follows that 



LPi(R<i\Si,toi) < C!\\f\\i^Po(]!i'',WQ)- 



To estimate the weighted L''^ -norms over Bi, for e > we use Holder's inequality with respect to 
the finite measure |a;|~'^"'"^(ix on Bi, which gives 

ii/iil.i(b„».;x) = \\f{x)\nxp^+'~^\x\~'+^dxy'' 

<c(^j^ \\f{x)r\x\^°dx^ <C^||/||L™(R.,5io;X). 



Here in the last line we have set wo{x) = \xy° with 70 := ^(7i + d — e) — d -\- e. Observe that 
if £ is sufficiently small, then the assumptions 71 + d > and ^^-^ < '^"^J" imply —d < 70 and 
^ < respectively. Therefore, by Cases 2-6 we obtain that 

l/llLPo(R<i,i5o;X) ^ ll/llLPo(R'i,tuo;X)- 

Combing these estimates yields ()4.2p . □ 

Proof of Theorem \l.l\ (2) (1). If (|1.2p holds, then embedding (1) follows from Proposition [3.11l 
Moreover, if ()1.4p implies (1), then (1) also follows from ()1.3p by Proposition 13. Ill 

Assume that (|1.4p holds. For (1) it suffices to consider the case q := qo = qi. Let 6 = 
^ - Since SJ" = ^„7is supported in G K"^ : |a;| < 3 • 2""!}, Proposition Ogives 

\\Snf\\LPi{M'',wi;X) ^ C'2'^"||5„/||iPo(R<i_„Q;X)i n > 0. 

Therefore, using si + 6 = sq, we find that 

ll/llB;;,g(R<i,u)i;X) = ||(2*^"||<S'n/||LPi(R<i,-u)i;X))n>o||£<, 

< C||(2''''"||S'„/||iPo(H'i,u,o;X))n>o|||, = '^\\f\\Bp°^g(R'i,wo;X)- 

□ 
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4.2. Necessary conditions. In this subsection we prove Theorem ll.il (1) (2). We start with 
an elementary lemma. 

Lemma 4.6. Let p G [1, oo] and w{x) = |a;p with 7 > —d. Let {(pn)n>o G $ and j G {—1, 0, 1}. 
Then there is a constant C'^^p,ryj such that for every n > 2 one has 

Proof. Since ^„ — ^i(2^"+^-), this follows from a straightforward substitution argument. □ 

We give necessary conditions for an embedding for general po and pi . 

Proposition 4.7. Let 1 < pQ,pi < 00 and sq, si ^ R. Let further woix) =^ Ix]'^" and wi{x) — \x\'''^ 
with 70,71 > —d. Suppose 

(4.9) B;i,iR'',wo)-^B;i^{R'',w^). 
Then 

/ . -, HA d + -fo . d + 71 7i + «^ , 7o + , 7i , 70 

(4.10) So > si , < and — < — . 

Pa Pi Pi Po Pi Po 

Proof. Let {(pn)n>o G ^- By (14. 9p . for every n > one has 

By the assumption on the support of {'Pn)n>o one gets that 

1 

2"*i||(p„ * (p„||iPi(Kd_^^) < (72"^" ^ \\(Pn* 'Pn+j\\LPa(R-i,wo)' n > 0. 

J = -l 

Using Lemma 14.61 this implies that there is a constant C such that 

2nsi2nd2-"--fr < C2"'*''2"'^2""^^. 
Letting n tend to infinity gives si — ^^-^^ < so — . 

We next show 71/pi < Jo/po- Let / G S^iW^) be such that / has support in {x G M'' : \x\ < 1}. 
Let A > 1 and ei = (1,0, ...,0). Then supp(^(/(- - Aei))) = supp(/). By glj one has 

||/(- - Aei)||5|i_^(][jd < C||/(- - Aei)||5=o^^(j5d 
and as before this yields 

(4-11) ||/(- - Aei)||iPi(Rd^^,j) < C||/(- - Aei)||iPo(Rd,i„o). 

Let p G (1,00], 7 > — d and ^(x) = |a;|^. We claim that there are constants c, C > 0, depending 
on p, 7, d, /, such that for all A > 1 one has 

(4.12) cA-^/P < ||/(. - Aei)|Up(Kd,^) < C(l + A^)i/''. 

From ((ilT|) and it would follow that for all A > 1 we have cAti/pi < C(l + A^«)i/P«. Letting 

A tend to infinity then gives ji/pi < Jo/po- 

Estimate (I4.12p is trivial for p = oo. To prove (|4.12l) for p < cxd, we first consider the case 
7 > 0. We estimate 

||/(.-Aei)||^,(„, =/ Ifix-Xe.rixl-'dx^ [ \fix)nx + Xe^p dx 
<C^ f \f{x)\P{\x\-' + A-^) dx = Cp,^,rf,/(1 + A''). 

On the other hand, 

||/(.-Aei)l|^,,j., / \f{xmx + Xe^\-^dx> f |/(x)nx + Aei^ 



> 



[0,1]'' 



'[0,1]' 

|/(x)|fAT dx^Cd,pjX\ 



16 



MARTIN MEYRIES AND MARK VERAAR 



Next we consider the case 7 < 0. Since / G S^CR"^), there is a C such that one has \f{x)\P < 
C(l + IxD-'^P for X e W^. By LemmaSS] we can estimate 



||/(--Aei)||^ . <C/ {l + \x\)-''P\x + Xe,\''dx 

f {l + \y-Xei\r'P\yrdx<C f \yVdy<C{l + Xr 

JW JB[\ei,l) 



for A > 1. For the lower estimate we have 

\\f{.-Xe,)\\l > f IfixWlx + Xe^l-'dx 



> / \f{x)\p{i + xydx = Cd.pjii + xr>Cd.pj,^x\ 

J[QS]'' 

This completes the proof of (I4.12p and therefore the proof of 7i/_pi < Jo/Po- 

Next let if be as in Definition O and for each t > define /t : M'^ ^ C by Mx) := t"ip{tx). 
By one has H/tHs;; ^(R<i,u)i) < C'll/tlls^o ^{s.-'.wo)- Taking t > smah enough it follows that 

ll/t||LPi(R'',tui) ^ C'||/t||iPo(Rd^tuQ). 

Rescaling gives 

Letting t i implies that < □ 

Remark 4.8. In the above proof, the assumption po,pi > 1 was only employed to show ^ < ^ 
in case 70 < 0. 

For pi < pq we can sharpen the necessary condition (j4.10l) for an embedding. 

Proposition 4.9. Let 1 < pi < po < 00 and so, si G R. Let further wo{x) — \xp° and wi{x) — 
\x\'^^ with ^0,^1 > —d. Suppose 

(4.13) B;i,{R'',wo)^B;i^iR'',w^). 
Then 

, . d + -/o d + ji 7i+d 7o + (i 

(4.14) So > si and < 



Po Pi Pi Pa 

Remark 4.10. Observe here that ^ < ^ is already a consequence of -^^^ < '^^^^ and pi < pq. 

To prove the proposition, we need the following density result. Observe that the proof heavily 
depends on the fact that the weight is of power type. 

Lemma 4.11. Let p G [1, 00), 7 > —d and let w{x) — \xp . The set 

,^C^{R'^) := {/ G yiR"^) : / has compact support} 
is dense in LP{R'^,w). 

Proof. By Lemma [3T8l for the assertion it sufiices to consider / G S^{R'^). We construct a sequence 
(/n)n>o of functions in ^C^{R^) such that / = lim„^(x> fn in i^(R'^, w). We proceed as in [29l 
Section 6], where a much stronger result has been obtained for the one-dimensional setting. Let 
C G .y(R'^) be such that C(0 = 1 if 1^1 < 1, and C(0 = if \x\ > 2. Let (n = n'^Ci^x) and 
fn = Cn* f ■ Choose an integer fc > so large that —Ikp + 7 < — d. Observe that 

ll/-/n|U.(M^,.) < sup \{\X\^^ ^\){f{x)~f^(x))\i f —^^dxY^' 



<Csup |(|a;p''^ + l)(/(a;)-/„(x))| 
<C||[(-A)'= + l](/-/„)|Ui(R.) 
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< C\\A'{f - fn)\\LHR-) + \\if- .MWlHR-), 

where we used ^[(| • + 1)(/ - /„)] = ((-A)'= + 1)(/ - /„). It suffices to show that for any 
multiindex a one has 

Hm P"(/-^)||li(r.) =0. 

Note that D°-[f — /„] = — Cn)]- From the Leibniz rule we see that D'^{f — /„) consists of 

finitely many terms of the form D^fD'^{l — C,n), where b,c are multiindices. One has 

and the latter converges to zero as n tends to infinity by the dominated convergence theorem. □ 



Proof of Proposition \4-9[ In Proposition 15.31 we have already seen that 

d + 70 ^ d + 71 , 71 + / 70 
Sq > Si , and < 



Po Pi Pi Po 

Assume that Hii^ — lo+d j^Q^jg true. We show that this leads to a contradiction. Let f G 

Pi Po ^ 

LP°{M.'^;wo) be such that supp (/) C {£, £ R'^ : \^\ < 1}. Then it follows from (HT^ that (g^]) 
holds with t = 1. By scaling we see that for all / G LP°{M.'^, wq) such that / has compact support 
one has 

(4.15) ll/IU <c\\f\\ 

From Lemma liH] we see that (|4?T5)) extends to ah / e LP°{R'^, wq). Now define / : M'* R by 
/(.t) = log(l/|x|)^^/P^l[o.i/2](|a;|)- Then using polar coordinates one easily checks that 

/ e LP° {R'^, Wo), but / ^ (R'*, wi) which contradicts (|4T5l) . □ 

We can finish the proof of the necessary conditions for the embeddings of Besov spaces. 

Proof of Theorem ] 1.1\ (1) ^ (2). It suffices to consider X = It follows from (|l.ip and Propo- 
sition 13.111 that 

From Proposition 14.71 we see that ()4.10p holds. Now there are two possibilities: either (i) ^^^p- < 

Po ' ^ ' Pi Po ' 

Suppose that (i) holds. If sq-^ > ^i-^: then ^ follows. IfsQ-^ = ^i"^' ^lien 
to obtain (|1.4p we have to show that qo < qi- Let {fn)n>vi be as in Definition 13. II For a sequence 
(flj) and N define the function / — J2j=i 2^ ™~ "j'Paj- We have (p„ * ip^j ^ only 

for n ^'dj + l with / £ {-1,0, 1}, and by LemmaHU ||.^3j+; * ipzj\\Lv{Ji-i,w) = C2^^'^2'^^^. It 
follows that 

|(aj)j<Ar||^gi < C\\{aj)j<N\\gm , 

with a constant C independent of N and aj . But this is only possible for qo < qi. 

Now suppose that (ii) holds. Then ^ < ^ yields po > pi. If po > pi, then Proposition 

14.91 yields ^^p- < and this contradicts (ii) . If po = Pi , then 70 = 71 follows from (ii) and 

therefore, sq > si by (|4.10p . If sq — si, then it follows as above that qo < qi. Hence ()1.2p is 
valid. □ 



5. Embeddings for Triebel-Lizorkin spaces - Proof of Theorem 11.21 

5.1. Sufficient conditions. In the proof of the sufficiency part of Theorem 11.21 we employ ideas 
from [7^ and [38^. One has the following Gagliardo-Nirenbcrg type inequality for spaces with 
weights. 
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Proposition 5.1. Let X be a Banach space, (7,(?0;9i G [liOo] and 6 ^ (OtI)- Letp,pQ,pi £ (l,oo) 
and —oo < sq < si < oo satisfy 

^ ^ Q Q 

- — 1 and s ~ (I — 6)so + 9si. 

P Po Pi 

Let further w,wo,wi G Aoo be such that w = w^^ ^)p/po^^p/pi ^ Then there exists a constant C 
such that for all f £ y'iW^] X) one has 

\\f\\F},^{ll'i,w;X) < ^II/IIf;„%„(R^«,o;X)II-^IIf;J,,^(R^»i;X)- 

Ln particular, one can take w = Wq ~ Wi. 

Proof. Due to JT, Lemma 3.7], for any sequence of scalars (aj)j>o one has 

Taking aj{x) = with x gM.'^, one obtains 

\\ir^a,ix)),>o\\%wix)<\\ir"^a,ix)),>^^^^^^^^ ||(2^^^a,(a;)),>o||,'^u;i(^)^^/^^ 
Thus Holder's inequality gives 

and the assertion follows from Proposition 13. Ill □ 

We turn to the proof of sufficiency. 

Proof of Theorem \1.2\ (2) ^ (1). By the elementary embeddings of Proposition 13. 11[ one can as- 
sume that So — = si — '-^-^ and gi = 1. The trivial cases in (2) are also covered Proposition 
13.111 We thus have to show that ()1.3p implies embedding (1). 

Let 9q e [0, 1) be such that ^ - = 0. Consider the function g : {9o, 1] -J- K given by 

9i^) = m3 • 

Pi Po 

Obviously, g is continuous, and lime-fi g{6) = 71. Since 71 > —d we can choose a G (^o,l) 
such that 7 := g{9) > —d. Let v{x) = \x\'' , and let r be defined by ^ = + ^. Note that 

Po < Pi < 00 implies r G [pi, 00). Let further t be defined by t — = si — Observe that 

t < So, si = e't + (1 - 6')so and vPie/ryjO--f>)pi/po ^ Therefore, by Proposition EH 

(5-1) ll/llF;i_,(R<i,«,i;X) < <^ll/lli^;«.,j^(R^™o;X)ll'^llF;,.(R'^,i';^)- 

Now one can check that 



71 7 1 



> 0. 



Pi r U \po pi- 
From Proposition 13.11] and Theorem 11.11 fusing r >pi) one obtains that 

II/IIf* ,,(R'',-u;X) = ll/lls*^(R<i,i;;X) < C* 1 1 / 1 1 (Rd ^ -x) < C*! I / II ^ ^ (R<i ;X) ■ 

Substituting the latter estimate in (15. ip . one deduces that 

ll/llF;i,(R<i,™i;Js:) < C'll/llF;o,^(R<i,™o;^)- 



□ 
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5.2. Necessary conditions. The necessary conditions for tlie F-spaces are a direct consequence 
of tlie result for tlie i?-spaces. 

Proof of Theorem \l.S\ (1) ^ (2). Assume (1). It suffices to consider X = €,. By Proposition 13. 1 II 
one has 

Therefore, (2) follows from the Propositions 14. 71 and 13. Ill □ 

Now we can prove the characterization for the H- and VF-spaces in case po ^ Pi ■ 

Proof of Corollaries \1.4\ and \1.5[ This follows from Theorem 11.21 and Proposition 13. 121 □ 

Remark 5.2. It is unclear to us whether Corollaries 1 1 . 41 and 1 1 . 5 1 hold for all 70,71 > —d. This is 
contained in f32] for so = 0, si = in the case of M^-spaces. 



In Proposition 11.61 we give a characterization for the embedding of H and F-spaces in case 
Pi < Po- Its proof will be based on the following result. 

Proposition 5.3. Let 1 < pi < pq < 00 and so,si G M. Let further wo{x) = \x\'^° and wi{x) = 

\x\'^'^ with —d < 7o < d{pQ — 1) and —d < 71 < d(jii — 1). Suppose 

(5.2) H''°'P°{R'^,wo) ^ H''^'P^{R'^,wi). 
Then 

ON 7i+d 7o + d rf + 7o ^ c? + 7i 

(5.3) < and so > si . 

Pi Po Po Pi 

Proof. It suffices to consider the case X = C and si = 0. The Propositions 13. 12l 14.71 and 14.91 imply 



d+fo > d+ji fi+d ^ lQ+d 

Po — 

We suppose that 



that So - > -^i^ and < In particular, we have so > 0. 

" Po — Pl Pi Po ^ ' " 



d + 7o + 71 7i + d 70 + 0^ 

So = , < , 

Po Pi Pi Po 

and show that this gives a contradiction. It follows from [40 1 Proposition VI. 4. 4/2, Corollary V.4.2] 

that the operator (1 - A)"''/2(l + (-A)'"'/^)-! is bounded on Lp°{R'^,wo). Thus for / e ^(R''), 

the embedding (|5.2p implies that 

ll/llLPl(R<i,-U)l) < - A)-"'/^/||iPo(Rd .ujjj) < C||/||iPo(ffid,M,o) + |l(-A)'"'/^/||iP0(Rci^^g). 

By applying the above estimate to /(A-) for A > 0, scaling shows that 

II/IIlpi(B<*,m)i) < C'A"'*° ll/llLPo(Rd,u.o) + C\\{-Ay°^'^f\\i^pa(j^d^^gy 

Letting X 00 gives 

(5.4) II/IIlpi(R<',^i) < C\\i~Ar'/^f\\LPo(m^,^,.o)■ 

By density it follows that for all / e for which (-A)"«/2/ e LP" {M.'^ , wq) , the estimate 

(lO)) holds. 

Now define the radial function 5 : R** — > R as g{x) — log(l/|x|)^''l[o.i/2](|a;|), where 

, li+d 70 + 

a = So H = , b^l/pi. 

Pi Po 

One has that g G L^" (R'', ujq). Indeed, using polar coordinates one sees that 



IPO 

Ilpo(R<',u)o) 



1/2 .1/2 

^d-i^-apo log(l/r)-''Po r'^° dr = c r~^ log(l/r)-P°/Pi dr < 



because po/pi > 1. Let / G J5^'(R'^) be defined by / = {-A^^^^g. To show that (|5H) cannot 
hold, and thus to prove that (|5.3p . it suffices to show that / ^ LP'^ {R'^ ,wi). This will be checked 
for 0? > 2 and d = 1 separately. First assume d > 2. One has the following representation of the 
Riesz potential for radial symmetric functions t; : R'' ^ R (see [HI): 

poo 

(-A)-"«/2„(x) = c / v{ry°-^Ij^k{p/r) dr. 
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Here j = d — Sq, k ^ (d — S)/2 and p — \x\ and 

The function /j j. : [0,oo) — )■ [0, oo) is continuous on [0,cxd) \ {1} and its singularity at 1 is well- 
understood (see [111 Lemma 4.2]). For p — \x\ < ^, p ^ 0, we obtain 

fix) = {-A)-'»/^gix) = c t^\^" — Hog{l/r)-'>I,,kip/r)dr 

Jo 

>clog{2/p)-' r r'«-'^-^I,,k{p/r)dr 

Jp/2 

It follows that 



cp^°-" log(2/p)-'' / u'^-^-'Ij^kil/u) dr > Cp'°-^ log(2/p)- 

1/2 



l'-c\<^ 



r-l/2 pl/2 
> C I pd-i p(-o-a)p, log(2/p)-^PVTi dp = C p-^ l0g(2/p)-l dp = 



Hence / i LP^{W, wi). If d = 1, then for a; G [0, 1/2] one has 

/(.t) = (-A)-^«/2g(x) = c t^' \x-yr''\yr\ogil/\y\)-'dy 

J -1/2 



>\og{2/x)-'' / \x - y\'°-^\y\-'' dy ^ ex'"-" \og{2/x)-'' . 

Jx/2 

Now the proof can be finished as before. □ 

We obtain the following consequences for the F- and the W^-spaces. 

Corollary 5.4. Let 1 < pi < pq < oo and sq, si G M. Let further wo(a;) — \x\'^° and — \x\'^^ 

with —d < 7o < d(pQ — 1) and — d < 71 < d{pi — 1). Suppose that for some Qq G [2, 00] and 
qi G [1, 2] one /las 

(5.5) F;o^^^iRd,wo) ^;«^\,^(R^zi;i). 
T/ien (|5.3p holds. 

Proof. By Proposition [211] and the results in [5J Section 4] we have 

(5.6) ^;;,2(^0 = i?'-^'(u.O for z = 1,2. 

Therefore, by Proposition l3.11[ (|5.5p implies (15.21) . Now the result follows from Proposition l5.3l □ 

Corollary 5.5. Let 1 < pi < po < cxd andso,si G Nq. Let further wo{x) — \x\'^° andwi{x) — \x\'^^ 
with —d < 70 < d{po — 1) and —d < 71 < — 1). Suppose 

(5.7) Vl^"°'f''(R'',wo) W^P'{E.'',wi). 
Then (j5.3p holds. 

Proof Since L^' (M'* , ) = F^o 2 (1^'' > by ,34, Theorem 1.10], Proposition [330] implies that 
Ws,,p, (M-i, Wi) = Fpi ^iR'^, w^) for i = 1, 2. Now the result follows from CoroUaryEH □ 

We end this section with the characterization of embeddings for i/-spaces in case po > pi . 
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Proof of Provosition [7751 To prove (1) (3) and (2) =^ (3), it suffices to consider X ^ C Note 
that because of (|5.6p it suffices to prove (1) ^ (3), since (1) and (2) coincide for X ^ C Now (3) 
fohows from Proposition 15.31 

We prove the sufficiency part. Assume (3). By Theorem II. II it follows that Bp° oo(IR.'', wq; X) ^ 
Bp\.ocO^'^^ Wi;X), where ti is defined by sq - ^h- Note that it follows from (3) that 

ti> si. Therefore, combining the above embedding with Proposition 13. 1 ll vields 

B;i^{M.\w^-X)^B;i^{M.'',wr,X). 

Now (1) and (2) are a consequence of the Propositions 13. Il1 and l3T2l □ 

6. EMBEDDINGS of JAWERTH-FRANKE TYPE 

In this section we only treat power weights of ^p-type. We first consider real interpolation of 
the weighted function spaces. 

Proposition 6.1. Let X be a Banach space, p £ (1, oo), qo, qi,q £ [1, oo], sq ^ si £ M. Then for 
G [0, 1] and s = (1 — 6)so + 6si and w G Ap one has 

(6.1) (b;'!^^ (E^ w; X), b;]^^ {W, w- X))e,, - S^,,(R^ w- X), 

(6.2) {F;^JR'',w;X),F;^^^{R'',w;X))e., - B;JR'',w;X), 

(6.3) (iJ^'"f(M^u.;X),i7^i'P(R^w;X))e,, = B^^iR" ,w; X), 
and if additionally Sq, Si > are integers, then 

(6.4) (M^^«'f (M^ w; X), W-^iR'', w; X))e,g = S^,,(M^ w; X). 

Moreover, forpo,pi € (l,oo), s eR, 9 E (0,1), ^ = ^ + -^, 1 G (l,oo] and wq € Ap^, wi E Ap^, 
wEAp with wi/P = w^„^~^''^P°w''/'" it holds that 

(6.5) {F;^JR^,wo;X),F;^JR'',wi;X))e,p = f;JR'',w;X), 

(6.6) {F;^,ii^^ wo;X), F;^,i(R^ wi;X))g,p ^ F;^i(E^ w; X). 

Proof. Since all the weights under consideration are of class Ap, the proofs are straightforward 
generalizations of the unweighted case, as presented in [351 Section 2.4] and [37, Proposition 12], 
for instance. 

We nevertheless provide the details for (|6.5p and (|6.6p . By Proposition l3.9l it suffices to consider 
s — 0, respectively. Let {ipn)n>o G For E (l,oo), E [l,oo] and E Ap^ it follows from 
the definitions that the map 

S : Fl^^^ {R", w,;X)^ L^' {R\ w,-P' {X)), Sf = * /)„>o, 

is continuous. If {il^n)n>o is as in the proof of Proposition 13. 91 then Lemma 12.31 imphes that 

oo 

R : LP'{R'',w,-P'{X)) ^ Fl^^^{R'',w,;X), R{gk)k>o = ^V-fe 

fe=0 

is continuous for q E (l,oo]. Now ii po,pi,p and wo,Wi,w are as in (16.51) and (|6.6p . then [42l 
Theorem 1.18.5] gives 

(6.7) {LP"{R^,wo;i''{X)),LP'{R'',wi;e'i{X)))g,p ^ LP{R'',w;£''{X)), [l,oo]. 

Since i? is a right-inverse for S, (|6.5p is a consequence of the well-known retraction-corectraction 
method (see j42l Theorem 1.2.4]). Moreover, ()6.7p implies that 

S : (FO„,i(R^ ^o; X), FO ^i(R^ wuX))e.p ^ LP{R^, w; f{X)) 

is continuous as well. Thus ()6.6p follows from 

(6-8) ll/llFOi(K'i,-u);X) = \\Sf\\LP{R'',w-l^iX)) < C" ll/ll(FO^_^(H'^,™o;X),FO^,l(R'*,'i'l;^))e,p■ 

Employing Lemma [2731 and interpolation theory for a class of weighted ^'^-spaces (see [42l Theo- 
rem 1.18.2]), one can show (|6.ip in a similiar way. Finally, the identities (|6.2p . (16. 3p and ()6.4p follow 
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from the independence of (j6.ip of the microscopic parameters (?o , <Zi G [1 , oo] and the Propositions 
ETUandEH □ 

Remark 6.2. The operator S in the proof above is continuous for ah w € Aoo- It thus follows from 
()6.8p that the embeddings from the left to the right in ()6.5p and ()6.6|) are true for w G Aoo- 



Remark 6.3. In [8J, interpolation results for scalar B- and i^-spaces are shown for a single weight 
w G Aoo- Even more general results and different proofs are given in |34i Theorem 2.14]. 

After these preparations we can show embeddings of Jawerth-Franke type, which is an improve- 
ment of the embeddings in (|l.ip and (jl.Sp . We argue similiar to [371 Theorem 6]. 

Theorem 6.4. Let X be a Banach space, 1 < po < Pi < oo, so,si £ M, q G [l,oo] and 
wo{x) = \xp° , wi{x) — \xp^ with 7o G {—d,d{pQ — 1)) and 71 e {~d,d{pi — 1)). Suppose 

71 ^ 70 , d + 70 , + 71 

(6.9) — < — ana sq > si . 

Pi Po Po Pi 

Then 

(6.10) b;i^^{R'',wo;X) ^ f;i^{R'',w^;X), 

(6.11) F^«JR'',wo;X) B^J,p„(R^«;i;X). 

Proof. For (I6.10p . by Proposition 13.111 it suffices to consider the case q = 1 and sq — = 
si — Let ro,ri G (l,c)o) be such that po < ro < pi < ri, and let /io G {—d,d{ro — 1)) and 
/ii G {-d,d{ri - 1)) satisfy ^ = ^ = 2i. Let further 9 G (0, 1) and to,ii G M be such that 

1 1-6* 6' <i + 7o rf + A^o ^ rf + 7o d + ^i 

— = 1 , lo = si , ri = si . 

Pi ro ri Po ro Po ri 

Since (1 — d)to + Oti ~ sq, we obtain from (|6.ip that 

b;i^^{R'',wo;X) = {F;i,iR'',wo;X),F;i,(R<',wo;X))e,p,- 
Setting vo{x) — \x\^° and vi{x) — \x\^'^ , Theorem 11.21 gives the embeddings 

F*l,{R'',wo;X) ^ F^^^,{R^,vo;X), f;,1,{R'',wo;X) ^ f:i,{R^,v,;X), 
due to the definition of to, ii and ii^i = ^ = ^ < Therefore 

b;i^^{R'',wo;X) ^ {F:^l,iR^,vo;X),F:i,{R'',v,;X))e,p, f;i,{R'',w,;X), 

where the latter embedding follows from dUl), as^ = i^ + -2-and^ = (l-6')^+6i^. 

To show (|6.1ip . as above it suffices to consider q — 00 and so — = si — Let ro,ri G 

(1, 00), 6 G (0, 1), ^0 G (— d, d{ro — 1)) and ^1 G (— d, d(ri — 1)) be such that 

1 1-06* Mo Ail 7o 

fo < Po < T-i < Pi, — = 1 , — = — = — • 

Po ro ri ro ri po 

Setting again t;o(a;) — |a;|^° and vi{x) = it follows from (|6.5p that 

F;'Ioo{^'',Wo;X) = {FZoo{R',vo;X),F:o,oo{^'',v,;X))e,p,- 
Let the numbers to,ti G M be defined by 

d + fio d + ji d + Hi _ d + 71 

So — to , So — ti • 

ro Pi ri pi 

Using that 11 < 12. Bi ^ ti Proposition EJT] and Theorem O yield 

Pi — Po fo ^1 

F:o^^{R^,vo;X) ^ B;°^^(E^«o;^) BX^{R^,wi;X), 
F,^°^(R^t;i;X) ^ B^.^ooi^" , v^; X) ^ Bl\ ^ooi^" ,wi; X). 

We thus have 

Coo(K',w;o;^) (i3*°,^(R^7«i;X),i?*;^^(R^u;i;X))e,po =SpLpo(R''«^i;^)' 
where the latter identity follows from (1 — 9)to + Oti = si and (|6.ip . □ 
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Remark 6.5. For Wq — Wi ^ ^ooi the scalar versions of (|6.10p and (j6.1ip are shown in ^8, Theorem 
2.6] and [H Proposition 1.8]. 

Remark 6.6. In the scalar case, the interpolation identities (|6.1I) and (|6.2[) are shown in [8] for 
w G Aoo- Inspecting the proof for (j6.10|) . we see that only the interpolation embedding (|6.6|) was 
used, which is also true for w e Aoo by Remark 16.21 Hence (j6.9|) implies (|6.10|) for all weight 
exponents 70, 7i > —d. 

Also for (16. lip we expect that the restrictions 70 < d{po — 1) and 71 < d{pi — 1) are not 
necessary. In case 71 /pi < 70 /po one can give a more direct proof which only makes use of (16.51) 
for a single weight. The scalar version of (|6.5p is shown in jH Theorem 3.5]. Hence (|6.9p implies 
()6.10p for all 70,71 > —d under these assumptions. 

However, the sharp case 71/pi — 70 /po for (|6.1ip remains open. One needs (|6.5p also for 
^00-weights, which seems to be an open problem (see [8] Remark 3.4]). 

7. EmBEDDINGS INTO L^'-SPACES AND HOLDER SPACES 

In this section we discuss conditions under which weighted spaces of smooth functions embed 
into function spaces such as L^-spaces and spaces of Holder continuous functions. The results are 
consequences of our main results. 

Proposition 7.1. Let X be a Banach space, let 1 < Pq,Pi < 00. qo G [l,Po]- Let wq(x) — [xl'^" 
and wi(x) = \x\'^^ with 70,71 > —d. Assume 

d + 70 d + 7i 7i / 7o , ^ + 7i + 7o 

So > , — < — ana < . 

Po Pi Pi Po Pi Po 

If Po < Pi or go = 1, then 

Proposition 7.2. Let X be a Banach space, let 1 < po < pi < 00, qo G [1, 00]. Let wo{x) — {xl^" 
and wi{x) — {xl'^^ with 70,71 > —d. If 

d + '-fo ^ d + 71 , 71 / 70 

So > , ana — < — , 

Po Pi Pi Po 

then 

f;°^JR'',wo;X)^LP'{R'',wi;X), 

Proof of Propositions \ 7. l] and \7.2\ Let po < pi- By Proposition 13. Ill and qo < po the embedding 
B^°^g^{W\wo;X) Fp"»pj,(K'Vwo;X) holds. Therefore, Proposition O follows from Proposition 
17.21 in this case. The embeddings 

F;«_^^(M^«;o;X) ^ F^^^,{R^w,; X) L^^ {R" , w^; X) 

are consequences of Theorem 11.21 and Proposition l3.12l (resp. Remark l3.13p . 
If Po > pi and qo — I, then by Theorem ll.il 

B;i,{R'i, wo; X) ^ u;o; X) ^ L^' (R^ wi;X), 

where the last embedding follows again from Proposition l3.12l (resp. Remark l3.13p . □ 

Remark 7.3. Many other results can be derived from Theorems 11.11 and 11.21 Moreover, Employing 
Proposition l3.11[ we see that a similar result as in Proposition l7.2l above holds for H^o.pa ^jgrf^ y^^. x) 
and W'">'P°(R'^,wo;X) if 70 < d{po - 1). 

For m G N, let BL/C™(R''; X) denote the space of m-times differentiable functions with bounded 
and uniformly continuous derivatives. For s = [s] + s, with [s] G No and s, G (0, 1), let further 
BUC^{R'''; X) the subspace of BUC^^^R'^; X) consisting of functions with s, -Holder continuous 
derivatives of order [s] . 
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Proposition 7.4. Let X he a Banach space, let 1 < pg < oo, Qq G [1,oo] and Sq G M. Let 

'Wq{x) — Ixl''" with 7o > 0. If Si = Sq — '^^J" > is not an integer, then 

(7.1) E'°-P°{R'',wo;X) ^ BUC{W^;X), 
where E^°^P'> £ {Fp"^^^, B^° gJ . If m = sq - > is an integer, then 

(7.2) B^l^{m.'^,wo;X) ^ BUC"" [M.'^ ; X) . 

Assuming that < 70 < c?(po ~ 1); these emheddings are also valid for E'^'^'P" = H'^^'P" and, if 
So £ N, for E'O'Po = W'">^P". 

Proof. To prove (j7.ip , by the Propositions 13.111 and 13.121 it sufSces to show that 

b;i^{R'',wo;X) ^ BUC'^{R'';X). 
This embedding is a consequence of Theorem 11.11 and 

i?^,^(R^ wo;X)^ S^,oo(R'; X) = BUC^^ (M"^; X), 

where the latter identity can be proved as in the scalar case (see [41] Theorem 2.5.7]). 
For dLlI, Theorem O yields 

B;i,iR'',wo;X) ^ B^^.iR'^-X). 

We further have 

i(R'^;X) ^ BC/C"(M'*;X), 
due to Proposition 13.101 and (the proof of) [HJ Theorem 2.5.7]. □ 
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